We extend classical Troisi's inequality to the weighted p-Sobolev spaces on stretched cone, edge, and corner respectively. The results here can be used to investigate anisotropic elliptic equations involving cone degeneracy, edge degeneracy, and corner degeneracy, which will be studied in our forthcoming papers.
Introduction and main results
In 1969, M. Troisi (cf. [1] ) found an important inequality. Its classical form can be described as: given 1 ≤ p i < ∞, i = 1, . . . , n, for a smooth function u compactly supported in R n , the following inequality holds:
where u q = ( R n |u| q dx) 1 q with 1 ≤ q < ∞ and C is independent of u. It is the well-known Troisi's inequality that can be used to study the existence of multiple nonnegative solutions to the anisotropic critical problem (cf. [2] )
where 1 < p i < ∞ for i = 1, 2, . . . , n, n i=1 1 p i > 1, s = n/( n i=1 1 p i -1) is anisotropic critical exponent and max 1≤i≤n {p i } < s. Applications of (1.1) also can be found in [3] to study the existence of fundamental solutions to anisotropic elliptic equations. Another generalization of (1.1) in [4] is used to prove regularity of the weak solution to the Navier-Stokes equations based on one component of velocity. By arithmetic and geometric mean inequality, (1.1) becomes an anisotropic Sobolev inequality presented as
In particular, if p i = p in (1.3) for i = 1, . . . , n, then (1.1) finally reduces to the classical Gagliardo-Nirenberg-Sobolev inequality
Here the methods to prove (1.3) and (1.4) are similar as that in Adams and Vancouver [5] by using mixed norms and permutation inequalities and that in Kružkov [6, p. 282 ] to establish a new proof based on fundamental theorem of calculus.
Motivations of this paper mainly come from the attention to studying the anisotropic elliptic equations as (1.2) with conical singularity, edge singularity, and corner singularity respectively. For instance, (1.2) including conical singularity corresponds to n i=1 D c,i |D c,i u| p i -2 D c,i u = |u| s-2 u in R n+1 + , (1.5) where D c,0 = t∂ t , D c,i = ∂ x i , 1 < p i < ∞ for i = 0, 1, 2, . . . , n, and anisotropic critical exponent s := (n + 1)/( n i=0 1 p i -1). As indicated above, the anisotropic elliptic equations with singularities of edge type or corner type parallel to (1.2) can be formulated as well.
Considering the pivotal role of Troisi's inequality in studying such kinds of singular anisotropic elliptic equations like (1.5) (e.g., see the results in our upcoming papers), we need, in the first place, to deduce it being of different forms in different weighted p-Sobolev spaces. To be specific, we will generalize (1.1) to some singular weighted p-Sobolev spaces (see Sect. 2 below) in which the usual gradient operator ∇ = (∂ x 1 , ∂ x 2 , . . . , ∂ x n ) becomes the cone type, edge type, and corner type gradient operators such as D c = (t∂ t , ∂ x 1 , . . . , ∂ x n ) in R n+1 + , D e = (t∂ t , ∂ x 1 , ∂ x 2 , . . . , ∂ x n , t∂ y n+1 , . . . , t∂ y n+q ) in R + × R n × R q , and D cor = (r∂ r , ∂ x 1 , ∂ x 2 , . . . , ∂ x n , rt∂ t ) in R + × R n × R + respectively. Now we present our main conclusions of this paper as follows.
Then we have the following cone type Troisi's inequality for all u(t, x)
Moreover, as a special case, we obtain the following cone type Sobolev inequality which was first proved by [ 
Secondly, we consider the following edge type Torisi's inequality.
1 p i -1). Then we have the following edge type Troisi's inequality for all u(t, x, y) ∈ C ∞ 0 (R + × R n × R q ) and γ ∈ R:
In particular, the following edge type Sobolev inequality can be regarded as a special case of the edge type Troisi's inequality above. This kind of edge type Sobolev inequality was first given by [8, Proposition 3.2] in studying Dirichlet problem for semilinear edgedegenerate elliptic equations.
Corollary 1.4
Under the assumptions in Theorem 1.3, if p i = p ≥ 1 for 0 ≤ i ≤ n + q, then we have the following edge type Sobolev inequality:
Finally, we give the corner type Troisi's inequality.
1 p i -1) andγ , γ ∈ R, then the following corner type Troisi's inequality holds for all u(r,
Likewise, it follows from Theorem 1.5 that we can derive the corner type Sobolev inequality as follows, which was first obtained by [9, Proposition 3.1] in studying the existence of multiple solutions for semi-linear corner degenerate elliptic equations. Corollary 1.6 Based on Theorem 1.5, further if we choose p i = p ≥ 1 for 0 ≤ i ≤ n + 1, then we have the following corner type Sobolev inequality:
The outline of this paper is as follows. In Sect. 2, we introduce cone type, edge type, and corner type weighted p-Sobolev spaces respectively. Then, in Sect. 3, we give the proof of Theorem 1.1. Finally, the proofs of Theorem 1.3 and Theorem 1.5 will be provided in Sect. 4.
Definitions of singular weighted p-Sobolev spaces
Let X be a closed compact C ∞ manifold and X = (R + × X)/({0} × X) be a local model considered as a cone with the base X. In particular, let X ⊂ S n be a bounded open set in the unit sphere of R n+1 , and the straight cone X is defined as
Thus, X ∧ = R + × X is called as corresponding open stretched cone with the base X. In local coordinates, R + × R n can be interpreted as an open stretched cone. The typical differential operators, defined on a manifold with conical singularities, are called Fuchs type, i.e.,
, Diff j (R n ) refers to the set of differential operators of order j on R n , and A X are called degenerated cone operators.
Let g be Riemannian metrics on R + × R n , then
Hence the cone type gradient operator here is defined as D c := (t∂ t , ∂ x 1 , . . . , ∂ x n ). Now we introduce the following cone type weighted L p -spaces.
Now we give the definition of singular weighted p-Sobolev spaces on stretched cone R + × R n as follows (cf. [7] ).
Definition 2.2
For γ ∈ R, m ∈ N, and 1 ≤ p < +∞, the singular weighted p-Sobolev spaces are defined as 
Next, we introduce the following edge type p-Sobolev spaces. First, we assume X is a straight cone, then for a bounded domain
The typical degenerate differential operator on the open stretched wedge R + × R n × R q has the form of
and Diff i (R n ) denotes the set of differential operators of order i on R n . Furthermore, let g be Riemannian metrics on R + × R n × R q . Then g := dt 2 + t 2 dx 2 + dy 2 = t 2 dt t 2 + dx 2 + dy t 2 .
(2.8)
Thus, the edge type gradient operator is defined as D e = (t∂ t , ∂ x 1 , ∂ x 2 , . . . , ∂ x n , t∂ y n+1 , . . . , t∂ y n+q ). At present, we give the following definition of edge type weighted L p -spaces.
Definition 2.3 Assume
Moreover, the weighted edge type L p -spaces with weight γ ∈ R are denoted by L
The edge type weighted p-Sobolev spaces (cf. [8] ) can be defined for all 1 ≤ p < +∞ as follows.
Definition 2.4
Taking γ ∈ R, m ∈ N, and N = 1 + n + q, the edge type weighted p-Sobolev spaces are defined as
The edge type p-Sobolev spaces H 
Finally, a corner can be defined as (cf. [9] )
where X is a cone. Then the corresponding stretched corner will be E : Then the corner type gradient operator will be D cor := (r∂ r , ∂ x 1 , ∂ x 2 , . . . , ∂ x n , rt∂ t ).
Further, we give the definition of corner type weighted L p -spaces as follows. 
From the weighted L γ 1 ,γ 2 p -spaces, we can define the following weighted p-Sobolev spaces over stretched corner R + × R n × R + (cf. [9] ).
Definition 2.6
Given γ 1 , γ 2 ∈ R, m ∈ N, 1 ≤ p < +∞, and N = n + 2, the corner type weighted p-Sobolev spaces can be defined by
It can be proved that H In this section, we give the proof of Theorem 1.1.
1 p i -1), then it holds that n i=0 σ i = ns. Since u(t, x) ∈ C ∞ 0 (R n+1 + ), then we have, for i = 0 and t > 0,
Analogously, for 1 ≤ i ≤ n,
After multiplying the n + 1 inequalities above, we have
Now integrating the inequality above over the interval (0, +∞) with respect to dt t and using Hölder's inequality, we obtain
Then integrating above inequality again over the interval (-∞, +∞) with respect to x 1 , x 2 , . . . , x n and using Hölder's inequality respectively, we can deduce that
Similarly, |(t∂ t )|u(t, x)| ≤ |(t∂ t )u(t, x)|, then we have
Replace the corresponding parts of (3.1) by (3.2) and (3.3), we derive that 
By Hölder's inequality, we can acquire that
Returning to (3.4) and setting γ *
In view of n+1 s + 1 = n i=0 1 p i , we deduce n i=0 s np i = s n (n + 1 -n i=0 1 p i ) = s -n+1 n . According to (3.5), we find that
That means
,
As a consequence,
7)
Case 2: There exists at least one p i ∈ {p 0 , p 1 , . . . , p n } such that p i = 1.
Without loss of generality, set p 0 , p 1 , p 2 , . . . , p i 0 = 1 and p i 0 +1 , . . . , p n > 1. We deduce that
ForÎ 4 , setting 1 p i + 1 p i = 1 (i 0 + 1 ≤ i ≤ n) and using Hölder's inequality again, we havê
Hence we can acquire that
where c 01 , c 02 , c i (1 ≤ i ≤ n) and γ * i (0 ≤ i ≤ n) are the same as those in (3.7). Theorem 1.1 is proved.
Proofs of Theorem 1.3 and Theorem 1.5 4.1 Proof of Theorem 1.3
Proof
where y = (y n+1 , y n+2 , . . . , y n+q ). Similarly, for n + 1 ≤ i ≤ n + q, we derive
where x = (x 1 , x 2 , . . . , x n ) ∈ R n . By multiplying the n + q + 1 inequalities above, we have 
. Now integrating these inequalities over the interval (0, +∞) with respect to dt t and using Hölder inequality will lead to
Then integrating over the interval (-∞, +∞) with respect to x 1 , x 2 , . . . , x n and dy n+1 t , . . . , dy n+q t respectively and using Hölder's inequality again, we obtain by setting dη := dt t dx dy t and N = n + q + 1 that
(4.1)
x, y)|. Similar to this deduction, it holds that |(t∂ t )|u(t, x, y)|| ≤ |(t∂ t )u(t, x, y)| and |(t∂ y i )|u(t, x, y)|| ≤ |(t∂ y i )u(t, x, y)| for n + 1 ≤ i ≤ n + q.
Consequently, for 1 ≤ i ≤ n, we have There are still two cases similar to the proof of Theorem 1.1, i.e., the case of p i > 1 for 0 ≤ i ≤ n + q and the case that there exists at least one p i ∈ {p 0 , p 1 , . . . , p n+q } such that p i = 1. Since the proof process here is also analogous to the corresponding part in the proof of Theorem 1.1, then we omit it here, Theorem 1.3 is proved.
Proof of Theorem 1.5
Proof Let σ i = 1 + s(1 -1 p i ) ≥ 1 and v i (r, x, t) = (r n+2 s -γ t n+2 s -γ |u(r, x, t)|) σ i for 0 ≤ i ≤ n + 1. Due to 1 s = 1 n+2 ( n+1 i=0 1 p i -1), we have n+1 i=0 σ i = (n + 1)s. Since u(r, x, t) ∈ C ∞ 0 (R + × R n × R + ), then we obtain, for i = 0 and r > 0, For 1 ≤ i ≤ n, we obtain, for r, t ∈ R + , 2v i (r, x, t) ≤ Considering that the remaining proofs will be the same as those in both Theorem 1.1 and Theorem 1.3, then Theorem 1.5 is proved.
